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Abstract 

This article is devoted to the investigation of wrap groups of con- 
nected fiber bundles. CW-groups associated with wrap groups are 
studied. 

1 Introduction. 

Wrap groups of quaternion and octonion fibers as well as for wider classes 
of fibers over R or C were defined and various examples were given together 
with basic theorems in [24]. Studies of their structure were begun in [25, 26J. 
This paper continues previous works of the author on this theme, where 
generalized loop groups of manifolds over R, C and H were investigated 

[23 EH1 E31 EH- 

In this article a structure of wrap groups as CW-groups is studied. Here 
the notations and definitions and results from earlier papers (2U [251, ES, E7[ 
[33 El [34] are used. 

2 CW-groups for wrap groups 

To avoid misunderstandings we first give our definitions and notations. 

1. Definitions. Suppose that K is a Hausdorff space, which is a union 
of disjoint open cells, denoted by e, e n , e™, satisfying the following conditions. 

The closure e n of each n-cell, e n G K, is an image of n-simplex cx n , in a 
mapping / : o n — > e n such that 

(CW1) f\a n \d(T n is a homeomorphism onto e n ; 

(CW2) de n c K n ~\ where de n = f(da n ) =e n \ e n , K 71 " 1 is the (n - 1)- 
dimensional section of K consisting of all cells whose dimensions do not 
exceed (n — 1), in another words a (n — l)-skeleton, K^ 1 := 0. Then K is 
called a cell complex or a complex. 
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Such mapping / : a n — > e n is called a characteristic mapping for e n . 

A sub-complex L C K is the union of a subset of cells of K, which are 
cells of L, so that if e C L, then ed. If X is a subset of points in K, then 
K(X) denotes the intersection of all sub-complexes of K containing X. 

A complex K is called closure finite if and only if K(e) is a finite sub- 
complex for each cell e E K. 

A weak topology in K is characterized by the condition: a subset X 
is closed (or open) in K if and only if X fl e is closed (or relatively open 
correspondingly) for each cell e of K. 

By a CW-complex we mean one which is closure finite and has the weak 
topology. 

A mapping / : K — > L for CW-complexes K and L is called cellular, if 
f{K n ) C L n for each n = 0, 1, 2, .... 

A topological group is called a CW-group if it is a CW-complex such 
that the inversion and product mappings G 3 g h- > g^ 1 G G and G x G 3 
(SS f) f9 G are both cellular, that is, they carry the fc-skeleton into 
the fc-skeleton. Then a CW-group G is called countable, if it is a countable 
CW-complex. 

A mapping / : X — ► F is called a homotopy equivalence, if and only if it 
has a homotopy inverse meaning a mapping g : Y — > X such that ~ lx 
and « ly (see [521153). 

Denote by (V M E; 

Vo, Ui)t,H the quotient uniform space of Rt n equivalence 
classes of if* mappings of a parallel transport structure P^ n from M into 
E such that : M —> N, E = E(N, G, tt, ty) is a principal fiber bundle 
with a structure group G, H : M — >• M is a quotient mapping, 7(so,g) = 2/o? 
7(so, 9 +A:) = 2/i for each q = l,...,k. Recall that the equivalence relation 
Rt,H is generated by: / ~ g if and only if there exists sequences /„ and g n 
converging to / and g respectively in H^(M, W) when n tends to the infinity 

such that f n = g n °4 ! n- l ipn is an if*-diffeomorphism of M preserving marked 
points sqj, j = l,...,2k (see §§1-3 [24]). 

We call (V M E; y , yi)t,H the quotient path space. Particularly, may be 
G — e, that is E = N is a manifold for G — e. As usually consider arcwise 
connected E, N and G, where G is a Lie either alternative or associative 
group. 

2. Theorem. If N and M are compact connected Riemannian C°° man- 
ifolds may be with corners such that the Ricci tensor Rk,i of N is everywhere 
positive definite, then the quotient path space (V M N; yo, yi)t,H f or marked 
points yo and y\ in N has the homotopy type of a CW-complex having only 
finitely many cells in each dimension. 

Proof. Theorem A in [40] states if X is the homotopy direct limit of 
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{Xj} and Y is the homotopy direct limit of {Yj}, if also / : X — ► Y is 
a continuous map that carries each Xj into Yj by a homotopy equivalence, 
then / itself is a homotopy equivalence. The corollary on page 153 from 
Theorem A [40] states that if X is the homotopy direct limit of {Xj} and 
each Xj has the homotopy type of a CW-complex, then X itself has the 
homotopy type of a CW-complex. In particular, the quotient space relative 
to a continuous quotient mapping of a CW-complex has the homotopy type of 
a CW-complex. Therefore, it is sufficient to prove this theorem for the path 
space (P^N; y , y x ) %H := {/ G i*J(M, W) : tt o f{s 0>g ) = y ,n o /(s 0)9+fc ) = 
?/i V<? = 1, ...,k}. 

Since t > [dim(M)/2] + 1, while M and N are C°° manifolds, then 
C° C Hp due to the Sobolev embedding theorem and the homotopy type of 

(P M N;y ,yi)t,H is the same as (P M N; y , yi)oo,H- 

The manifold N is compact, hence it is finite dimensional and the space 
consisting of all vectors v of the unit length on N is compact. The Ricci 
tensor is the bilinear pairing R : T y N x T y N — > R, which is the trace of 
the linear transformation w — > R(vi,w)u2 from T y N into T y N, where R 
denotes the Riemann curvature tensor and R is its contraction. Therefore, 
there exists min{R(v,v) : v G T y N,y G N, \\v\\ = 1} =: (n — l)p~ 2 , where n 
denotes the dimension of N . 

The manifold M is compact, consequently, there exists a finite partition 
T of M consisting of Uj such that each Uj is homeomorphic with a cube 
[0, l] m , while Uj \ dUj is C°° diffeomorphic with [0, l] m \ d[Q, l] m , Uj- Uj = M, 
m denotes the dimension of M, Uj fl U = dUj fl dUi, j = 1, ao, ao G N. 

Consider a path 7 : M —>■ N such that j(sQ )q ) = Vo and 7(s 0>(? +fc) = yi for 
each q = l,...,k, where M is the corresponding C°° Riemannian manifold 
satisfying Conditions §2 [24] and H : M —>■ M is the quotient mapping as in 
§2 [24], E(s ,q) = S(s , g +fc) = s ,g for each q = s , q and s , g , so >(? +fc 

are marked points in M and M respectively for every q = l,...,k, k G N. 
Therefore, the path 7 can be presented as the combination of its restrictions 

Without loss of generality we can take a partition T such that each 
marked point so, g in M belongs to U^=i 9Uj. If Uj has less, than two distinct 
marked points so, g , then introduce in Uj additional marked points Xq^j such 
that to have not less than two distinct marked points in Uj. The manifold N 
has the homotopy type of a CW-complex, hence N b has the homotopy type 
of a CW-complex for each b G N (see also [HE] and below). 

In view of the Sard theorem II.2.10.2 [7] and §111.6 [38] the set of all H* 
diffeomorphisms of M is everywhere dense in the uniform space H*(M, M). 
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Then (P M N; y , yi ) t>H has the homotopy type of (Uf=i{P Uj N; y 0J , y X j) t ji) x 
N 2a °~ 2 , where 

2/o,i> Vi,j are 2ao distinct marked points in N containing yo,yi 
with the corresponding marked points in Uj. 

In accordance with Proposition (H) [54] if L is a locally finite complex 
and K is a CW-complex, then K x L is a CW-complex. 

The sum of CW-complexes is a CW-complex, the product of CW-complexes 
is a CW-complex in accordance with Section 5 and Proposition (if) of [54J. 
The manifolds M and N are connected, consequently, it is sufficient to prove 
this theorem in the special case of M — [0, l] m . 

Therefore, consider 7 : [0, l] m — > iV, 7(3;) <E N, x = (xx, x m ), G [0, 1] 
for each j = 1, m. Suppose that i] s (x s ) is a geodesic between points a s and 
b s G N, where r) s (x s ) := r)(zx, z s -x,x s , z s+ x, z m ) with marked values of 
z 1 ,...,z a - ll z a+ll ...,z m G [0,1] and 7? : [0, l] m -> iV, a s = ij a (0), b s = rj 8 (l). 
If Tj s {x s ) has a length greater than up, then it has an index A > 1 (see also 
§§16, 17, 19 in [40]). 

Let E(£) denotes the energy functional of a geodesic in the Riemannian 
manifold and E„ be its Hessian (see §12 in [4*0]). 

Generally consider a geodesic ( of length greater than girp, consequently, 
C has an index A > g, where g G N. For each j = l,...,g there exists 
a vector field Yj in iV such that Yj along ( vanishes outside the interval 
((j - l)/k,j/k), and so that E**(Yj,Yi) < 0. Since E^(Yj,Yi) = for each 
j 7^ Z, then Yi, ...1^ span a (7-dimensional subspace of UyeC([o,i]) -^/-^ on which 
E« is negative definite (see §19 in [4*0]). 

Suppose that points yoj and yij are not conjugate along any geodesic 
from y 0) j to yij, hence there exists only a finite number of geodesies like r] s 
from yo t j to y±j in N by the variable x s of length not greater than girp. Hence 
there exists only finitely many geodesies with index less than g. 

In accordance with Theorem 17.3 [10] if iV is a complete Riemannian 
manifold and yo, y\ G iV are two points, which are not conjugate along any 
geodesic, then (P^'iV; yo,yi)t,H has the homotopy type of a countable CW- 
complex containing one cell of dimension A for each geodesic from yo to y\ 
of index A. 

Together with Theorem 17.3 [10] this completes the proof for dim(M) = 
1. For m > 1 proceed by induction: 

(pM m iV; y ,yiW = (P mm '\P lo ' 1] N; yo , yi ) 00 , H ;y , yi ) 00 , H} where y 6 

m 

; 2/o, 2/i)oo,i? denotes the constant mapping y fe : [0, 1]' — > iV, y 6 ([0, 1]') = 
{2/5}; {z/fe} denotes the singleton in iV, 6 = 1, 2, Z G N, here the notation y^ 
corresponds to y&j for some j. 

This procedure lowers a number of variables on each step by one. In view 
of Theorem 19.6 [40] (P^'^N)^ has the homotopy type of a CW complex 
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B, which is cx-compact, that is a countable union of compact sets. 

Consider now (P^ '^B) t H , where B is a countable union of compact Rie- 
mannian manifolds may be with corners, since each polyhedron in R n with 
n G N is a manifold with corners. Put B = [JjeA Bj, B k : = U*=i Bj, where Bj 
is a compact Riemannian manifold with corners being a j-skeleton of a CW 
complex, A C N. Up to a homotopy type or bending Bj a little in the corre- 
sponding Euclidean space R n of dimension n > 2 dim (Bj), Bj R J <— ► R n , 
we can consider, that each Bj is homotopy equivalent to a compact Rieman- 
nian manifold Xj with positive definite Ricci tensor. Therefore, we have 
to consider now (pMX) ttH , where X = [jjXj. Put X* = \J k <jX k , then 
XJ c Xi +1 for each j E A,' dim (Xj) =j. 

Each path from the compact manifold M into a CW-complex B has 
a compact image, consequently, it has a finite covering by cells. Hence a 
continuous path from M into X up to a homotopy equivalence has a finite 
covering by XK 

If Ni and N 2 are homotopy equivalent Riemannian manifolds, then 

; 2/o,i' Vi,i)t,H and (P^^N 2 ; y ,2, Vi,2)t,n are homotopy equivalent, when 
2/o,i 7^ 2/o,2 and y ,2 7^ 2/i,2 simultaneously. On the other hand, (P [0 ' 1] X; y 0; 2/i)t,n 
is homotopy equivalent with a CW-complex K = \Jj eA Kj, where each Kj is 
a CW-complex homotopy equivalent with (P^X 7 ; y > yi)t,H, where 2/o, 2/i e 
Xi, so that Kj C for each j, since X J C 

Denote by W the class of all spaces having the homotopy type of a CW- 
complex. By a CW-n-ad K = (K; K n _i) is undermined a CW-complex 
together with {n — 1) numbered sub-complexes Ki, K n ^\. Then W n de- 
notes the class of all n-ads which have the homotopy type of a CW-n-ad. As 
usually A c denotes the subspace of the space A c of all continuous functions 
/ from A into C such that / : C — *• A is a mapping of n-ads, that is the 
induced mappings are fj : Cj — > Aj from the j-skeleton to the j-skeleton for 
each 1 < j < n. 

In accordance with Theorem 3 [41] if A belongs to the class W n and C is 
a compact n-ad, then the function space A c belongs to W. In fact the n-ad 
(A c ; (A, AiY ' ^, (A, A n _i) (c,c ' ri - l) ) belongs to the class W n . 

Thus, (P M N; y , y\)t,H has the homotopy type of the CW-complex. 

2. Corollary. // M and M and N are manifolds H l p and H 1 ' diffeo- 

morphic with C°° Riemannian manifolds Mi and Mi and N correspondingly, 
t' > t, where M\, Mi and Ni satisfy conditions of the preceding theorem, then 
the path space (P M N; y , yi)t,H and the quotient path space (V M N; y , yi)t,H 
for marked points y$ and yi in N are of the homotopy types of CW-complexes 
having only finitely many cells in each dimension. 

Proof. Let : Mi — > M and 9 : N\ — > N be homeomorphisms, which are 
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Hp and H* diffeomorphisms. Then the uniform spaces (P M N; y , yi)t,H and 
(P Ml Ni, yo t i, y\,i)t,H are isomorphic, where the mapping / i— > 6> _1 o/o0 estab- 
lishes the isomorphism, / G (P M N; y , y 1 ) t H , 9{y b i) = y b for b = 1,2. Using 
this isomorphism and applying the preceding theorem to (P Ml Ni, yo,i> Vi,i)t,H 
and the quotient path space (V Ml Ni] y ^, yi t \)t,H we get the statement of this 
corollary. 

3. Corollary. Let M and N be satisfying conditions of the preceding 
Corollary. Then the wrap monoid (S M N) t ,u and the wrap group {W M N) tt H 
have homotopy types of CW-complexes having only finitely many cells in each 
dimension. 

Proof. The wrap monoid has the homotopy type of (V M N; y Q , yo)t,H- 
On the other hand, the wrap group is the quotient of the free commutative 
group F generated by (S M N) tt H by the closed equivalence relation, which 
is obtained factorizing by the minimal closed normal subgroup B containing 
all elements of the form [a + b] — [a] — [b], where a, b G (S M N) t ,H, [a] and 
[6] are the corresponding elements of F. Topologically F is isomorphic with 
[(S M N) ttH ] z supplied with the weak (Tychonoff) product topology. Applying 
Corollary on page 153 from Theorem A [40] and the preceding theorem we 
get the statement of this corollary. 

4. Corollary. Let M and N be satisfying conditions of Corollary 2, 
while E be a principal fibre bundle with the structure group G, which is up 
to the homotopy a CW-group. Then a wrap monoid (S M E) tt H and a wrap 
group (W M E) tt H have homotopy types of a CW-monoid and a CW-group 
correspondingly. 

Proof. By Proposition (N) any covering complex of a CW-complex is a 
CW-complex [54]. Therefore, if prove that (S M E) ttH is a CW-complex, then 
it would mean that (W M E) tjH is a CW-complex. This follows immediately 
from the preceding corollary and Proposition 7.1 [25] and Proposition (H) 
[54] , since (S M E) tt H and (W M E)t,H have structures of principal G fc -bundles 
over (S M N) t ,H and {W M N) ttH . 

On the other, hand the mapping (S M N) tjH 3 (f,g) -> fg G (S M N) tjH is 
cellular, since if a, b G K n , then a V b G K n V K n , where the bunch K n V K n 
of K n by a finite number of marked points consists of cells of dimension 
at most n. Therefore, in (W M N) t; H the group multiplication is cellular as 
well (see also §3). In (W M N) ty H the mapping / i— ► f^ 1 is cellular due to 
the definition of the wrap group. Since G is the CW-group, then G k is the 
CW-group, consequently, (S M E) tjH and (W M E) tjH are the CW-monoid and 
the CW-group respectively. 

5. Remark. A topological space P is said to be dominating a topological 
space X if and only if there are continuous mappings / : X — > P and 



6 



g : P — > X such that gf ~ lx- In accordance with Theorem 1 [H] A belongs 
to the class Wo if and only if A is dominated by a countable CW-complex. 

If G is a compact simply connected Lie group, then in accordance with 
Theorem 21.7 [40] (P^'^G; yo, yi)t,H has the homotopy type of a CW-complex 
with no odd-dimensional cells and with only finite number of n-cells for each 
even number n. These two theorems imply that G also is a CW-group, since 
(P^°' 1 ^G) t y n dominates G and applying the homotopy equivalence. 

If G is not associative, but alternative, then the corresponding CW-group 
is alternative as well, since if ai ^ a 2 , 5i ~ b 2 are homotopy equivalent 
elements of G, then (aiai)fri = a\(aibi) ~ ai(a 2 b 2 ) ~ a 2 (a 2 b 2 ) = (a 2 a 2 )b 2 and 
bi = af 1 (a 1 6 1 ) « ai 1 ( y a 2 b 2 ) ~ a 2 1 (a 2 b 2 ) = (a^ 1 ^)^ = b 2 and analogously 
for identities with dj on the right from bj. 

In accordance with Corollary 1 [H] every separable finite dimensional 
manifold belongs to the class Wo, where Wo denotes the class of topological 
spaces having the homotopy type of countable CW-complexes. Due to Corol- 
lary 2 [41] if A belongs to Wo and C is a compact metric space, then the 
function space A c in the compact open topology belongs to Wo. Therefore, 
modifying Theorem 2 and Corollary 4 we get. 

6. Proposition. If N is a finite dimensional separable manifold, G is 
a CW-group, then (V M E; y , yi)t,H has the homotopy type of a CW-complex, 
(S M ' E) t ,H a,nd (W M E) tt H have homotopy types of a CW-monoid and a CW- 
group respectively. 
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